We have performed a numerical study of the process of electron localization in reduced ceria. Our results show that different localized charge distributions can be attained in a bulk system by varying the lattice parameter. We demonstrate that the effect of electron localization is mainly determined by lattice relaxation and an accurate account for the effects of electronic correlation is necessary to achieve localized charge distribution.
I. INTRODUCTION
Ceria is known to be an essential constituent of catalytic converters due to its excellent redox properties. The oxidation performance of ceria is determined by its ability to store, release, and transport oxygen ions. Under reduction conditions, ceria easily releases oxygen, forming a series of reduced cerium oxides. In an oxygen-rich ambience, these reduced oxides transform back to ceria by healing the oxygen vacancies during oxidation. Thus, ceria undergoes a reversible transition and is able to balance the supply of oxygen ions during a catalytic reaction. In a stoichiometric cerium oxide, each cerium ion transfers its four valence electrons, 6s 2 5d 1 4f 1 , into the p band of oxygen. When an oxygen atom is removed, the two electrons, used to occupy its p orbitals, are left in the crystal. In perfect ceria, they choose to localize at the 4f state of cerium atoms; thus, the formation of an oxygen vacancy is accompanied by the change of the oxidation state of two cerium atoms from +4 to +3 [1, 2] .
Chemical reactions during the redox processes occur at the surface of the metal oxides and the reactivity is determined by surface defects. In the case of ceria, such defects are oxygen vacancies. Quite extensive research, both experimental and theoretical, has been carried out to elucidate the nature of oxygen vacancies at the surface of cerium oxide. As the formation of oxygen vacancies occurs at the same time as electron localization at Ce atoms, oxygen vacancy formation in ceria can be monitored by measuring the Ce 3+ /Ce 4+ ratio [3] . The analysis of scanning tunneling microscopy (STM) images complemented by density functional theory (DFT) calculations [3, 4] have suggested that electrons should localize at the Ce atoms neighboring the oxygen vacancy and that defects that expose Ce 3+ ions to gas-phase reactants will form. This finding confirms an earlier result, which suggested that the most stable configuration of the two Ce 3+ ions (Ce 3+ -Ce 3+ ) is next to the oxygen vacancy [1] . Experimental studies have also shown evidence of an ordering of oxygen vacancies on reduced ceria surface [5] . The defect formation * sergiu.arapan@gmail.com pattern could be satisfactorily explained by assuming charge localization at cerium ions, which are nearest neighbors to the oxygen vacancy. Recently, however, DFT calculations, which explicitly considered Ce 3+ -Ce 3+ configurations on the ceria (111) surface with reduced Ce ions in different coordination shells, have shown that electron localization at more distant cerium ions is energetically more favorable as compared to the nearest-neighbor configuration [6, 7] . A combined STM and DFT study of defective ceria film revealed the presence of Ce 3+ ions in different coordination shells of the oxygen vacancy [8] . The variety of reported data poses a natural question of whether the electron localization pattern can change depending on the presence of surface defects, quality of reduced ceria films, and details of the surface preparation process. Since the charge localization is strongly correlated with the relaxation of the lattice, it may also depend on whether or not the ceria film is under stress. It is very natural to suggest that it might also depend on the system volume, one of the main thermodynamic parameters.
Theoretical tools allow us to separate different factors, which might determine or influence the localized charge distribution. Therefore, in this work, we study the bulk volume dependence of electron localization in reduced ceria using DFT-based computation methods. It turns out that, depending on pressure, different localized charge distributions can be attained.
II. CALCULATION DETAILS

A. Parameters of DFT calculations
There exist several theoretical works related to the problem of accurate description of the electronic structure and the physical properties of stoichiometric CeO 2 , reduced CeO 2−x , and Ce 2 O 3 oxides [1, 4, [9] [10] [11] . Standard DFT using local density approximation (LDA) or generalized gradient approximation (GGA) for the exchange-correlation part of the energy functional fails to give a satisfactory description of the electronic structure of reduced ceria oxides. The reason is the presence of Coulomb self-interaction terms in these density functionals, which tend to stabilize the delocalized solution. To cure this shortcoming of standard DFT, one can, for example, correct the intraband Coulomb interactions by means of the Hubbard U parameter [12] . Despite the fact that the Hubbard repulsion energy U could be calculated from the first principles [4] , in practice it plays the role of an adjustable parameter, and its value is chosen to fit the experimental observations. Thus, DFT+U is a pragmatic approach, often providing an adequate description of systems with strongly correlated electrons. Another possibility to correct the improper electron self-interaction is to modify standard DFT functionals by adding some amount of nonlocal Fock exchange [13] . The use of such hybrid functionals is computationally more demanding than DFT+U and, in the case of reduced ceria, they do not provide a more accurate description than the DFT+U approximation [11] .
For our purpose, the description of reduced cerium oxides within the DFT+U formalism is sufficient [14] . Therefore, we performed our calculations using both LDA+U and GGA+U energy functionals. For the magnitude of the Hubbard parameter, we chose U = 6 eV and U = 5 eV for the LDA and Perdew-Burke-Ernzerhof (PBE) [15] approximations, respectively [9] . All calculations were performed using the Vienna Ab initio Simulation Package (VASP) [16] with projector-augmented-wave (PAW) potentials [17, 18] . In these calculations, the Ce (4f,5s,5p,5d,6s) and O (2s,2p) electrons were treated as valence states, with the remaining electrons kept frozen in the core. In order to perform accurate ion relaxation calculations, we used a 600 eV plane-wave energy cutoff and the internal parameters were optimized until the Hellmann-Feynman forces became less than 0.005 eV/Å. We modeled CeO 2−x using a 2 × 2 × 2 cubic cell with one oxygen vacancy, which comprised 95 ions in total. The reciprocal space was sampled by a 3 × 3 × 3 Monkhorst-Pack k-point mesh that yielded 14 irreducible k points. In all calculations, we assumed an antiferromagnetic (AFM) alignment of the spin of localized electrons, which is the ground-state magnetic configuration at 0 K. Next to the DFT+U calculations, we also performed DFT calculations treating Ce 3+ ions in the core state model (CSM) in the spirit of Ref. [2] . In this approach, the 4f states of cerium are treated as core states. In particular,we used a GGA PAW potential especially generated to describe cerium atoms with (5s,5p,5d,6s) valence electrons only.
B. Modeling reduced CeO 2−x
We have modeled reduced bulk ceria by removing an O ion from the 2 × 2 × 2 cubic supercell, as shown in Fig. 1 . This corresponds to the vacancy concentration of about 1.5625%. The O vacancy is surrounded by four nearest-neighbor (NN) Ce ions, labeled by numerals, and 12 next-nearest-neighbor (NNN) Ce ions, labeled by numerals with prime. We have considered the following three types of Ce 3+ -Ce 3+ configurations:
(1) Ce The localization of an electron at a given cerium atom, in the cases considered here, is similar to the formation of a small polaron. The electron-lattice interaction induces a lattice distortion that forms a trapping potential for the electron. Therefore, an accurate description of local deformations is essential in order to obtain the electron localization in reduced ceria. To get an appropriate initial pattern of local distortions, we performed calculations using the CSM approach. The optimization of internal parameters in this scheme distorts the lattice in a fashion that ensures the charge localization at a chosen site. This approach is physically grounded and is quite robust. In all of our calculations, we have gotten electrons localized at given sites when starting our DFT+U calculations from the structures obtained in the CSM calculations.
Another difficulty of an accurate description of localization is to obtain a stable self-consistent solution when applying the U parameter to the f shell. Here we follow the U -ramping scheme [19] by obtaining a converged self-consistent solution at U = 0 and propagating it up to a finite value of U .
III. RESULTS AND DISCUSSION
A. Equation of state and enthalpy
We performed a set of PBE+U calculations at different volumes in order to get the equation of state (EOS) E = E(V ) for various Ce configuration, we first obtained a stable solution at a given volume V . Then, we performed structure optimization at finite U and the obtained atom positions as well as the charge density optimized for volume V were further used as a starting configuration and charge distribution for volume V + V . In order to check that at different volumes the electronic solution converged to the same ground state, the U -ramping procedure for a set of volumes with a subsequent structure optimization was performed for several Ce 3+ -Ce 3+ configurations. These tests showed that the obtained solutions were stable. In Fig. 2 , we present the results of our PBE + U calculations. In Fig. 2(a) Table I . The average equilibrium lattice parameter of the reduced ceria is slightly larger than the equilibrium lattice parameter of perfect ceria (about 5.495Å;) calculated within the PBE+U method with U = 5 eV [9] , which is consistent with experimental observations [20] . However, at a moderate compression (20 kbar) [ Fig. 2(b) ], the Ce structure becomes stable at a pressure of 135 kbar, which corresponds to the lattice parameter of 5.385Å, which is 2.2% smaller than the lattice parameter at ambient pressure.
In order to understand how the stability of different configurations depends on the energy functional, we performed similar calculations using LDA+U . The results for the energy and enthalpy differences are shown in Fig. 3 . The parameters of the third-order Birch-Murnaghan EOS are given in Table I . The equilibrium lattice parameter, averaged over all reduced ceria configurations, is 5.417Å, which is expectedly lower than that obtained in the PBE + U calculations, as LDA usually 
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underestimates the equilibrium lattice parameter. Overall, the picture in Fig. 3(a) looks similar to the PBE + U case [ Fig. 2(a) As stated above, the CSM calculations are able to provide appropriate lattice distortions. Therefore, it is interesting to see how the energies of the different Ce 3+ -Ce 3+ configurations calculated within CSM vary with changing volume and how they compare to the results of DFT+U calculations. The results of such calculations are summarized in Fig. 4 . We notice that the trends obtained in the CSM calculations are similar to those from DFT + U , i.e., larger pressure is required to induce the transitions between different reduced ceria configurations.
We exploited this similarity to analyze the effect of relaxation for different structures.
B. Energy contributions to the total energy
To understand the driving force behind the observed transitions between different Ce 3+ -Ce 3+ configurations, it can be instructive to analyze different contributions to the total energy and their volume dependences. Our analysis suggests that various energy terms could be combined in two groups that have similar volume dependence for all types of calculations: one which describes the electrostatic interaction between ions (E ion ), and the second one comprising the rest of the energy terms (E el ), which describes the electronic subsystem (which also contains the electrostatic interaction between valence electrons and lattice ions). In Fig. 5 , we show how these different contributions to the total energy difference between Ce 2 is determined by the ionic energy contribution. One may observe that for the whole volume range, the electrostatic energy of the lattice is lower for the configuration with the two Ce 3+ ions being in the second coordination shell [6] . The energy of the electronic subsystem, however, favors the structure with the Ce 3+ ions in the first coordination sphere. These two contributions to the total energy difference E = E ion + E el have similar behavior with pressure, namely, the energy difference between the two structures ( E ion , E el ) becomes smaller with decreasing volume but has opposite signs. There is a competition between E ion and E el . The applied pressure tries to lower the ionic energy of the Ce The ions of the first O coordination shell tend to move towards the vacancy, while the Ce ions of the first Ce coordination shell move away from the vacancy. This decreases the distances between remaining oxygen atoms and cerium atoms that partially compensates for the decrease of their coordination. This trend is expectedly more pronounced when there are only Ce 4+ in the first shell of the vacancy, and we see larger displacements of nearest O ions in this case. The change in Ce-O bond length during structure optimization at different lattice parameters is shown in Fig. 7 . As expected, O ions move away from Ce 3+ towards Ce 4+ . Interestingly, the displacements of the Ce 4+ ions within the first coordination sphere are quite inert to the change of the lattice parameter and are almost the same for different Ce 3+ configurations (Fig. 6 ). On the contrary, the displacements of the O ions of the first shell are sensitive to the variation of lattice parameter. The described relaxation pattern around the vacancy is common for all methods (GGA+U , LDA + U , and CSM) employed in our calculations. We can try to estimate how much the relaxation of different groups of ions contributes to the total relaxation energy by performing partial lattice optimization using the CSM approach. In Fig. 8(a) , the volume dependence of the relaxation energy is shown for different configurations of reduced Ce ions. In Fig. 8(b) , the contributions of different groups of ions to the total relaxation energy are presented. We can see that the relaxation energy is the largest for the Ce For all of the configurations, the total relaxation energy decreases almost linearly with pressure. The contributions to the total relaxation energy were calculated by allowing the relaxation of a certain group of ions, so, strictly speaking, it is not the exact amount that contributes to the lattice relaxation due to these atoms, but it is a fair enough estimate. In accordance with the analysis of local distortions (Fig. 6) , we see that the relaxation of the Ce and O ions from the first Ce and O coordination spheres is responsible for about 60% of the total relaxation energy. This contribution is slightly larger for the Ce 3+ -Ce Ce coordination shell brings small changes to the relaxation energy: almost negligible for the Ce 
D. Conclusions
Our study has shown that the ground-state configuration of two reduced Ce 3+ ions and oxygen vacancy depends on the lattice parameter. At larger volumes, the configurations with both reduced Ce 3+ ions within the second coordination shell of the O vacancy are favored, while at compression the structure with both Ce 3+ within the first coordination sphere of the defect becomes more stable. The performed calculations show that this transition occurs for a small change of the lattice parameter around the equilibrium value. This result does not depend on the type of the energy functional used. As the LDA (GGA) functional usually underestimates (overestimates) the lattice parameter at ambient conditions, the only difference between the results obtained with LDA + U and PBE + U is the stable configuration at the equilibrium volume. It is a configuration with both Ce 3+ in the second coordination shell of the O vacancy for the PBE + U approach, and a configuration with one Ce 3+ in the first and one Ce 3+ in the second coordination shells for LDA + U .
The sequence of different stable reduced ceria configurations with pressure is reproduced also by the CSM approach. It is the effect of lattice relaxation that mostly determines the electron localization at the Ce 4f orbitals. Hence, we believe that an accurate account of the electronic correlation is necessary to achieve the effect of electron localization, but it is not as important in determining actual Ce 3+ -Ce 3+ configurations. Our calculations have also shown that the lattice deformation due to vacancy is the largest in the first coordination of the defect. This finding agrees with previously obtained results for the (111) ceria surface [6, 7] where different Ce 3+ -Ce 3+ patterns were observed.
